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The theory of real Hardy spaces, one of the significant theories in the field of
harmonic analysis, provides powerful tools to analysis for orthogonal expansions.
In this paper, applying some of those tools to analysis for the Jacobi expansions
and the Fourier-Bessel expansions, we establish the inequalities of the Hardy
type and of the Paley type in the real Hardy spaces with respect to these
expansions.

Originally, the Paley inequality and the Hardy inequality have been proved
for the Fourier series in the Hardy space on the unit disc in the complex plane.
Complex-variable methods are crucial in their proofs. But, there are many other
expansions, e.g., the Jacobi expaunsions and the Fourier-Bessel expansions, which
are difficult to treat by complex-variable methods. Therefore, we introduce the
real Hardy space to deal with those expansions by real-variable methods. Since
we have useful tools such as the (H!, BMO)-duality and the atomic decompo-
sition of functions in the real Hardy space, real-variable methods allow us to
obtain analogues of the Paley inequality and the Hardy inequality with respect
to the Jacobi expansions and the Fourier-Bessel expansions by estimating the
Lipschitz continuity and the almost orthogonality of the Jacobi plynomials and
the Bessel functions. Also, by proving that the real Hardy space can not be
replaced with the Lebesgue space L', we show that our inequalities are charac-
teristic of the real Hardy space.

In the proofs of our above inequalities, we use repeatedly some fundamental
inequalities, e.g., Holder inequality. We introduce two notions which we call
“subaveraging function” and “superaveraging function”. Both the well-known
Holder-Rogers inequality and the Minkowski inequality can be unified through
these notions.
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