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o & E Higher Order Numerical Methods and Their Numerical

Analysis for Elliptic Boundary Value Problems

In practical life, ordinary and partial differential equations (ODEs/PDEs)
are used in mathematical modeling to simulate many natural phenomena,
which arise in many applied fields of physics, chemistry, biology,
engineering. Since analytical solutions cannot be obtained for many
differential equations, it needs to solve them numerically. In this paper, we
are concerned with the numerical methods by computer to solve boundary
value problems (BVPs) of second order elliptic differential equations. We
propose new and higher order finite difference methods for spatially
one-dimensional nonlinear two-point BVPs and for spatially
two-dimensional Dirichlet BVPs together with error analysis. The paper is
divided into four chapters.

In Chapter 1, we mainly introduce some numerical methods for solving
BVPs in second order ODEs/PDEs and introduce some known matrix
analysis results.

In Chapter 2, we propose a new Ascher-Mattheij-Russell type FDM for
nonlinear two-point BVP with Dirichlet boundary conditions. Under some
hypotheses on the given functions, we obtained the convergent result of
second order accuracy for our FDM. Furthermore, by exploring the proof,
we can show that the approximate values at those partitioned points, which
are of fixed numbers and near a and b, have third order accuracy.

Next, in Chapter 3, we propose a new FDM of sixth order accuracy for
nonlinear two-point value problems with general boundary conditions. We
provide a brief algorithm of our numerical scheme and show some
numerical examples to illustrate our scheme. We note that much amount of
computation is reduced for linear two-point BVP.
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Finally, in Chapter 4, we are concerned with the Dirichlet BVP of elliptic
equations on a disk. We assume that the exact solution of the problem has
singularity, which means that derivatives of the exact solution are
unbounded on the boundary of the disk. By using a stretching
polynomial-like function with a parameter, we construct an adaptive
Swarztrauber-Sweet method with respect to polar coordinates. We give its
error estimates by using an improved matrix analysis approach and show
that the approximate solution is convergent, although the method has
singular properties both at the origin and the boundary. Furthermore, the
convergence can be accelerated by choosing appropriate values of the
parameter in the stretching function. The best convergent order can be
achieved by adjusting the parameter, which is illustrated by numerical
results. Moreover, we show that the discrete system can be considered as a
stable one by exploring the concept of the effective condition number.




