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The classical Morrey spaces were introduced by Morrey in order to
investigate the local behavior of solutions to second order elliptic partial
differential equations and calculus of variations. Later, Morrey spaces have
been applied to Navier-Stokes and Schrodinger equations, elliptic problems
with discontinuous coefficients, potential theory due to many authors. In
particular, Stampacchia and Campanato have studied some of properties on
Morrey spaces in the middle of 1960's, respectively. Moreover, in 1989, Giga
and Miyakawa introduced a Morrey type space with respect to a Radon
measure and considered the non-sationary three-dimensional flow of a viscous
incompressible fluid when the initial vorticity is very singular. Recently,
Komori and Mizuhara, Nakai, Zorko, and many authers considered various
generalized Morrey spaces.

Chiarenza and Frasca showed the boundedness of the Hardy-Littlewood
maximal operator, a singular integral operator and the fractional integral
operator in classical Morrey spaces. To see potentials of function, the
boundedness of fractional integral operator was originally studied by Adams.
Di Fazio and Ragusa generalized a version of Morrey spaces to results due to
Coifman, Rochberg and Weiss, and due to Chanillo.

On generalized Morrey spaces, Mizuhara showd that if a function is a BMO
function, then commutators are bounded operator. Recently, Komori and
Mizuhara proved by using a factorization theorem for Hardy space that if the

commutator is bounded on generalized Morrey spaces, then a function is in
BMO.

In this paper, we shall prove that, the commutator is bounded on some
Morrey spaces if and only if a multiplication function is in BMO, and on
generalized Morrey spaces if and only if a multiplication function is in BMO
and introduce weighted Morrey spaces and study the boundedness of the
Hardy-Littlewood maximal operator, a Calderon-Zygmund operator, the Riesz
potential and the linear commutator. Also we shall introduce weighted block
spaces and prove that if commutator is bounded on weighted Morrey spaces,
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then a function is in the BMO space. Moreover we shall obtain some compact
commutators generated by a nice function and a bounded linear operator.

Our paper is organized as follows:

Chapter 1. Introduction

Chapter 2. Preliminary

Chapter 3. Necessary and sufficient conditions for boundedness of
commutators of fractional integral operators on classical
Morrey spaces

Chapter 4. Notes on commutators of fractional integral operatros on
generalized Morrey spaces

Chapter 5. Weighted Morrey spaces and a singular integral operator

Chapter 6. Notes on weighted block spaces and commutators

Chapter 7. Compact commutators on Morrey spaces with
non-doubling measures
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