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% S B B_ Heat kernel analyses of the relationships
between covariant and consistent anomalies.

Four fundamental interactions among elementary particles are known to be
described by the gauge theories. The gauge theories are also essential in|
constructing grand unified theories or higher dimensional theories to unify
these fundamental interactions.

Our world is, as observed in weak interaction processes, consisted of the
chiral (left-right asymmetric) matter fields. When these fields have gauge
interactions, the gauge symmetries which are the starting points of gauge
heories are not realized in quantum theory in general. This is called gauge
anomaly. In higher dimensions, invariance of general coordinate
transformation which is the basis of general relativity sometimes breaks in
quantum theory. (This is called gravitational anomaly). To construct unified
theories, we must consider models where anomalies from chiral fields are
cancelled out. This condition of anomaly cancellation is an important]
restriction to construct realistic theories.

Gauge anomalies can be viewed in one of two ways, namely, covariant and
consistent. Covariant anomalies are defined as covariant divergences of the
covariant current, ie., a covariant divergence of the covariantly regularized
expectation value of the current. Consistent anomalies can be considered ag
gauge transformation of a regularized effective action. Consistent anomalies
are also expressed as covariant divergences of the consistent current which is
obtained by the regularized effective action. Consistent anomalies should]
satisfy the Wess-Zumino consistency condition.

Since consistency of gauge theories should not depend on these two
anomalies, these anomalies must be equivalent. The covariant and
consistent anomalies are actually known to be equivalent in the sense that
they lead to the same anomaly-cancelation condition. Bardeen and Zumino
have given a general proof for this equivalence of the anomalies using
algebraic prescriptions. Their approach does not need any explicit form for the
Lagrangians, thus giving model-independent results. Lagrangian-based|
field-theoretical approaches to the equivalence of the gauge anomalies have
been given by Banerjee et al. They have investigated equivalence by
introducing a regularized effective action defined through covariant current.

The method by Banerjee et al. is as follows. First, we define a regularized|
effective action by using the covariant current. We obtain a consistent current;
from this effective action. Banerjee et al. thus expressed the difference
between covariant and consistent currents by the functional curl of the
covariant current. They argued that the functional curl of the covariant
current is proportional to the delta function. With the help of this, they have
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derived the relationship between the covariant and consistent anomalies.
Although their result agrees with Bardeen and Zumino, the property that the
functional curl is proportional to the delta function is not clearly explained in
their arguments. Thus, it is desirable to prove the behavior of the functional
curl more explicitly.

Fujikawa and Suzuki gave a formal proof that the functional curl is
proportional to the delta function.

Other study concerning the difference between the covariant and
consistent currents have been reported by Osabe and Suzuki , where the
functional curl does not appear in the arguments. They discussed the
difference between covariant and consistent currents, which they defined
by invoking different types of exponential regulators.

In the first part of this thesis, we described gauge anomalies. We use
the heat kernel method to derive the anomalies. This method is known so
far applicable to one point functions such as anomalies. The method,
however, has not been applied to two points function like the functional
curl. In this paper, we have also shown that this method can be applied
to the functional curl, and we have succeeded to obtain the value of the
functional curl explicitly in arbitrary even dimensions. The curl that we
obtained agrees with that of Banerjee and Fujikawa et al.. Our result
presents another direct proof that the functional curl is proportional to
the delta function. We have also applied the heat kernel method to
calculate Osabe and Suzuki’s formal expression of the difference
between the covariant and the consistent currents, and succeeded to
obtain the value of this difference explicitly in two and four dimensions.
These differences, which we obtained agree with previous results of
Bardeen et al. and Banerjee et al..

In the second part of this thesis, we described gravitational anomalies.
Gravitational anomalies can also be viewed in one of two ways, namely,
covariant and consistent. Covariant gravitational anomalies are expressed
by the covariantly regularized expectation values of the energy-momentum
tensor (covariant energy-momentum tensor). Consistent gravitational
anomalies can be considered as transformations of a regularized effective
action. Consistent anomalies are also expressed as the energy-momentum
tensor (consistent energy-momentum tensor) which is obtained by the
regularized effective action. Bardeen and Zumino have also given a general
proof for the equivalence of covariant and consistent gravitational anomalies
by using algebraic prescriptions. We have applied the argument of Banerjee et
al. to the gravitational anomalies. We have defined a regularized effective
action using the covariant energy-momentum tensor, introduced the
consistent energy-momentum tensor based on the effective action and
obtained the relationship between these two energy-momentum tensors. We
found that the difference between the covariant and consistent
energy-momentum tensors is expressed by a functional curl of the covariant
energy-momentum tensor. Furthermore, by applying the heat kernel method,
we have succeeded to obtain the value of the functional curl of the
energy-momentum tensor explicitly in two dimensions.
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